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Abstract

In this paper, Weibull uni-axial and multi-
axial distribution function including residual
stresses is developed and applied to evaluate
the reliability of fracture and expected value
of fracture rotating speed of turbine rotor
wheel having blades manufactured from
ceramic material and have inner crack. The
residual stressis measured by X-Ray method.
Third cases are considered, first taking only
the effect of rotational loading (radial and
tangential stresses) in ceramic disc, second
taking the effect of rotational and thermal
stresses in ceramic disc, and third taking the
effect of rotational and thermal stresses in
ceramic blade. As a result, there is a
convergence between results gets from uni-
axial and multi-axial distribution function,
and the residual stresses will reduce the risk
of fracture of wheel and blade. The expected
values of rupture strength of ceramic blade is
higher than of that of disc material, therefore
the failure occurs in blade first than in disc
material in service survival
Keywords: Weibull uni-axial, multi-axial
distribution function, rotational stresses, residual
stresses, expected rupture strength, fracture-
rotating speed

Nomenclature
R;: Inner radius of disc.

R : Outer radius of disc.

h: Thickness of disc.

K: Parameter Constant.

dA : Area element of the unit sphere.
dV : Volume element of unit sphere.
S(B,): Probability of survive.

B.: Volume or surface area of a body.

m: Weibell modulus.
P, and P: Source and integral points respectively.
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U; and ti . Displacement and traction on a
boundary node P respectively.

8y : Rotational loading.

E: Modulus of elasticity.

Yj: Is distance vector between integral point P
and the rotation axis.

AT : Temperature change.

T
a—: The temperature derivative on the outer
n

normal direction of the boundary.

T i and Uij : The traction and displacement at
a point in the domain for the point load
considering each direction as independent.

ri and r i Represent the radius derivatives
with respect to (x) and (y) direction respectively.
V : Poisson'sratio.

o : Angular velocity (rad / s).

p : Mass density (kg / m®).

Gapp|_ : Applied stress.

0. Stress below which there is a zero
probability of failure.

G Mean strength of material.

o : Circumferential stress.

O Radia stress.

O gs: Residual stress.

E(omax ) The expected value of fracture
rotating speed.

W = Shear modulus.

o : Coefficient of thermal expansion.

¢ and ¢ : angle between crack and coordinates
axes.

B3 : Betafunctions.
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¢: Titleangle.
d, and d, :Spacing measurement at each title
angle ¢ and lattice spacing.

1-Introduction

Many types of mechanica equipment
contain parts revolve at high speeds under great
stress, Jet engine, power generation turbine,
automobile engine, turbocharger are few
examples. With the recent development, the
manufacture some of the part used in these
equipment from ceramic material is necessary to
reduce cost and improve equipment efficiency
and performance.

Silicon nitride (Si3N4) ceramic with Y05 and
MgAIl,O, additives usualy used to manufacture
ceramic turbine wheel having blades, due to
resist high temperature and high strength [1]. For
the development of ceramic turbine wheel, it
becomes necessary to validation of the residual
stresses and its effect on rotational strength and
position of fracture originsin the rotor and blade,
since the failure can be caused by the combining
effect of residual and applied stresses.

Most studies on ceramic turbine wheel
focused on strength or falure analysis under
static loading and neglect the effect of residua
stresses. Nobuo kamiya [2] develop a technique
involving taking moment photographs from two
and three directions at failure of ceramic radial
rotor to determine the poison of crack. Takatori
K. [3] find the optimum condition to fabricate
silicon nitride (SisN,) radia turbine wheel for
gas turbine engine. Shan Lu [4] develops a new
2-D boundary element method for complex
loading analysis. Yotaro Mutsuo [5] developed a
new distribution function to expected vaues of
the rupture strength of brittle rotating disc.

In this work, Weibull model is use in analysis
of ceramic wheel having blade by using uni-axial
and multi-axial distribution function to evaluate
the reliability of ceramic disc taking account of
residual stress. Three cases are taken in analysis,
ceramic disc under rotation loading only,
ceramic disc under rotation and thermal loading,
and ceramic blade under rotation and thermal
loading only.

2-Residual Stress Measured by X-Ray

SisN4 ceramic turbine wheel material with
Y,0; and MgAIl,O, additive is brittle material,
there is no ductility to accommodate plastic
deformation, and this lead to that the residua
stresses is resulting from the presence of elastic
strain remaining in the material as a result of
prior working or treatment. To determine the
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residual stresses, the most popular technique

used is X-Ray diffraction or so called (Sin2 d)

method since it is sensitive and accurate method.
The residual strain is measured along radius of
ceramic wheel and associated residual stresses
are determined from the elastic constant
assuming linear elastic distortion. The peak
position of the diffraction profile was determined
by one-ninth value breadth method. The wheel
for measurement of X-Ray residual stress were
polished with emery paper and then electro-
polished. The relationship between the peak shift
and residual stressisgiven by [6]:

E an_do

Ores =
1+vsn?y Yo

The tem (d,-dg)/d, represents

residual strain in the material. The following
table listed the condition of X-Ray diffraction.

Tablel. List of conditions of X-ray diffraction.

Chart speed 15 mm/min
Incident angle of X-Ray 0,18,36,45
Gonio scan speed 1 deg/min.
Divergent angle 0.35 deg.
Irradiation area 3*3mm’
Time constant 5 Sec
Tube current 15mA25
Tube voltage 25 kv

Fig.1 shows turbine wheel have 14 blades.
This type used for radial power turbine. Fig.2A
shows method of measuring residua strain and
Fig.2B shows Diffractometer apparatus. An X-
Ray beam emitted from an X-Ray source in the
form of point or line is directed to the sample by
a dit. A Cu-target tube is generally used as the
X-Ray source.

The disc piece rotates around the rotation
axis in the plane of the paper so that X-Ray
incidence angle oL . The goniometer used shown
read angle oL . X-Ray detector measure the
intensity of X-Ray by means of monitor scale.
The Collimator used to limit the irradiated area.
Filter used as absorbs and control of wavelength
of X-Ray
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Fig.l Ceramic turbine wheel

X-ray detector

. Slit or .
(};11211;&:1‘}50 be located collimator Eflfj[aryacmd
in front of \
X-ray detector!

24 diffraction
X-ray angle

source

Incident
X-ray

w rotation .
Sample piece

A-Method of measuring residual strain

Oolhmator Half shutter
A-ray source :

X-ray detector

B-Diffractometer (Rigaku Co. Ltd., Japan)

Fig.2 Method of measuring using X-Ray
method and Diffractometer.
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3- Weibull Analysis

The key element in the design and fabrication
of a component pertains it is reliability (usually
determined by a safety or economic
consideration), it is important to know the
statistical probability of a given fracture event.
According to Weibull, the two parameter
distribution function S(B,) when a body
subjected to a uni-axial tensile stress (0) is

givenby [7] :

_BO(G_GU )m
S(Bo) =€ °0

And

G =Ggppl. + Ores
For brittle ceramic material o, = 0.
Therisk of rupture (R) is given by:

—Bo(ilfn
R=1-¢ Y

Weibull also has a heuristically obtained the
following multi-axial distribution function by
taking the direction of the cracks at every point
in the body into account for multi-axial stress

state ( 01,072,03) asshowninFig.3[7]:

m
R:l—e_j\/(KJAGn dA)dv .

Where,
G|, : Normal stress on the crack plane and given

by:

on = cof 0(cq cof P+0pS ha 0)

+025in29

K: Parameter Constant and is given by the
following equations:

_ (2m+1)

m
2n60

K
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In the following sections, propose risk of
rupture by using distribution functions described
ineg.1andeq.2

A- In the case of taking only internal cracks into
consideration (uni-axial distribution function),

for a hollow disc, defining the function f4(r)
is:

Fig.3 Unit sphere

4- The Expected Rupture Strength of
a Hollow Ceramic Disc Under

Rotation L oading.
For a hollow ceramic disc rotating at angular

velocity (), the circumferential stress (o) and

radial stress (G ) given by [8]:

[(3+ V)(R; +RO+RI RO)

—(A+3v)r ]

po’ 2 RRS 5
r:?(3+v)(R2+Ro+%—r )

Since 6; > G, at any radiusin the disc, and
maximum circumference stress occurs at inner
radius then, the maximum stress (G 5 ) diven
by:

Omax. = (Gt)rzRi

2
Smax, =5~ [(3+V)Rg +L-V)RP)]
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fi(n=
max.
'%32 (1+3/)r
Re+ 4
F(P) Fﬁz © G |5
! =2 I
(3+)
And,
_BO(GmafoGreﬁm
ROmax) =1-€ 0
Where,
F20
B = 2nth If(r)m
R

B- In the case of taking only internal cracks into
consideration (multi-axial distribution function),

defining f5(r) inahollow disc as:

fi(n=

max

(Ro R|2 ROI)

And,

_K Bl(G maxo res)

RGmay) =1-€ °0

f1(n)= (1 v) 8+) I

Where,
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0 s
B :CDE 2 [f4(r) cos® o
1 i f 1

+f(r)sin® o] " rdpdr
and
oo 4h
pm+ 1.0
2'2

By, A) = E x* - x)*tdx

¥ and A :constants and ¢ >0, A > 0.

5- The Expected Rupture Strength of
a Hollow Ceramic Disc Under

Rotation and Thermal L oading.
For a hollow disc subjected at inner surface

to temperature Ti and outer surface to
temperature T, and for steady state heat flow,

the temperature distribution through disc is given
by [8]:

daT
r—=c
dr
ar _c
dar r
T-bin(r) +a -
Where,

aand b: Constants
r: Any radius of disc.

The radial and tangential stresses are given by
the following equations [7]:

2.2
o =A Iz =il —(3+v)p0) '
r 2(1—V) 8

B EaT Eob
Ot = A +—2— -
r 20-v) 2(1-v)

p(1)2r2

-(1+3v)
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A and B ae constants determine from
conditions 5, =0 a r=R; andat r = R.
The maximum stress occurs at inner radius
and given by equations:
Omax. = Ot & I=R;

_ Ea

1-V)(RY -R3)
B+v) 2.2,.2 ,
TPCO Ri (R0+2)+m
N Eab  (1+3v) 2

2
R.
i—v) 8 roT

O max (TI _TO) +

EoT;

The distribution function for uni-axial and
multi-axial distribution is given by [2]:
Gt (e)
f1(r) = and f,(r) = r
max G max

Then can be used eq.11 and eg.12 for uni-axial
and eg.13 and eq.14 for multi-axia distribution
to determine the risk of rupture.

6- The Expected Value of Fracture
Rotating Speed
The expected values of (G 5 ) for fracture

of disc has inner crack with residual stresses can
be obtain from the following equation [10]:

E(cmax. +Ores) = E(l— R(Omax. +

Ores))d(Omax. * Ores)

The expected values of (mz) which fracture
occurs in uni-axial and multi-axial distribution
function given by:

4
p((3+V)RZ + (1-v)R?)

*E(omax. + Ores.)

E(0?) =

Jasim 47



Fig.4 show a disc specimen dimension and
conditions. Table2 shows the mechanical
properties and Weibull modules used in analysis
[10].

Eq.12, eg.14 and eq.20 are solving by using
numerical gauss integration for  precision in
results.

—to )

w = 5835 rad/s

Fig.4 Disc specimen conditions

Table2. Mechanical properties of the
Silicon Nitride ceramic wheel with Y,05
and M gAl,O, addition.

Quantity constants

294 GPa.
0.28
3210kg/ m®
1.5* 10°/°C
6.2

SQo<em

7- Rotational Ceramic Blade
In the case of ceramic blade subjected to
rotational loading, no analytica solution is
finding. Therefore, use the numerica 2-D
boundary element method (BEM) to determine
the maximum stress in blade for better accuracy
[11, 12]. Then can be used eq.2 and eq.3 to
determine the risk of rupture in blade.
The boundary integral eguation of an
isotropic elastic body wunder therma and
centrifugal loads can be expresses as[4]:
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Ui (Po) = [ [V (P.Po)tj(P) =Ty (P.Po)u (P

L
oT
0L (P)+ [ 151 (P.Po)AT - V; (P.P) =]
L
dL(P)+ I a (P,P,)dL(P)
L
And,
1
Tij(P.Py) = m{ Tra- 2v)3;;
+2ni 11+ (@=2v)(njr, N )}
1 *
Uij(P’Po)Zm

[—(3—4v)|n%8|k ]

or
r,|:&
i
1k ay
oV L o
= I )[(nr )n,+anr,I
_—od+v) 1
= . )[(Inr+ )r

w2r

aj = 8 {(2Inr 1)[ﬂyI
1 1-2v
20 )yJ ,J ni]- 20 )rn Inr}

Fig.5 shows silicon nitride ceramic blade mesh
by using 60 elements for analysis.
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35 mm

T=200°C

|<—40mm—>

expected vaues of E((Dz) is increase with

increasing radius this because the effect of
thermal loading.

Fig.10 and Fig.11 show the risk of rupture
and expected values of rupture rotating speed
under rotation and thermal loading for ceramic
blade. These values are caculates for

Omax. = 097.6MPa  which gets from
boundary element method. As indicated the

values of E(mz) is larger from that for
ceramic disc.

Table 3. Residual stress measurement by X-

Fig.5 Boundary element mesh for blade and
dimensions.

8- Result and Discussions

The residual stresses measurements at
different distance in radial directions for the
blade and for the wheel are shown in the Table 3
and Table 4 respectively. As shown the residua
stresses in wheel vary from compressive to
tension. This variation due to primary processing
and surface finishing methods. A maximum
value of the compressive residua stress was
record at the center of disc and decrease in
magnitude in direction a way from center of disc,
this understood from fact that the crack initiation
and propagation causes a weak residual stress
failed at the crack front. The compressive
residual stresses in wheel are higher comparing
to that of blade.

Fig.6 shows the risk of rupture (probability
of failure) for ceramic disc under rotational
loading only. The curves are obtained by
drawing the risk of rupture gets from eq.10 and
eq.12, as shown there is a good agreement
between them. The residual stresses reduce the
risk of failure, this attributed to that the residual
stresses are compressive and increase the
strength of material.

Fig.7 shows the expected values of rupture of
rotating speed against radius. It can be seen the
fracture speed decrease with increasing radius.

As indicated the expected values of E((oz) is

remain constant near the outside radius.

Fig.8 and Fig.9 show the risk of rupture and
expected values of rupture rotating speed under
rotation and thermal loading. As shown the
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Ray method for blade.
Thickness of blade | Residual stresses
(mm) (MPa.)

8 -28
16 -25
24 -19
32 -8
40 -6
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Risk of rupture* 10° (%)

Table 4. Residual stress measur ement
by X-Ray method for a disc.
Distance from center Residual stresses
of wheel (mm) (MPa)
40 -60
50 -53
60 -48
70 -43
80 -32
90 -17
100 -10
110 -6
120 -3
130 1
142 4
4
: —2— Uni-axial digtribution function

without residual stress
—H&— Mult-axial distribution function

3] without residual stress
25 | —*%— Multi-axial distribution function with
| residul siress
24 —&— Uni-axial distribution function with

residual stress

500 600 700 800 900 1000 1100
Tensile strngth (MPa.)

Fig.6 Risk of rupture for ceramic disc under rotation loading only.

E(w?)*108

i —4— Uni-axial distribution function
74 without residual stress
—B&— Multi-axial distribution function
6.5 2 without residual stress )
: —*— Multi-axial distribution function
with residual stress
6 —6— Uni-axial distribution function
with residual stress
5.5 4
5 -
4.5 T T T T T T T T T T
20 30 40 50 60 70

Radius (mm)

Fig.7 Expected values of o for ceramic disc under rotation loading only.
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Risk of rupture * 10™ (%)

residual stress

residual stress

residual stress

residual stress

—*— Uni-axial distribution function without
—HB— Multi-axia distribution function without
—A— Multi-axial distribution function with

—6— Uni-axial distribution function with

600 700 800 900
Tensile strength (MPa.)

1000

1100

Fig.8 Risk of rupture for ceramic disc under rotation and thermal loading.

10 1 —&— Multi-axial distribution function

—A— Uni-axial distribution function
without residual stress

without residual stress

4| —¥— Multi-axial distribution function
with residual stress

|| —&— Uni-axial distribution function
with residual stress

20 25 30 35 40 45 50 55 60 65 70 75

Radius (mm)

loadi ng.

Fig.9 Expected values of w? for ceramic disc under rotation and thermal
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—A— Uni-axid distribution function without

10/ residual stress o
—B5— Multi-axial distribution function without
b residual stress
84 —— Multi-axial distribution function with
residud stress

Risk of rupture (%)

6 —&— Uni-axial distribution function with
i residual stress

4 i

2 i

o T T T T ‘

500 600 700 800 900 1000 1100
Tensile strength (MPa.)

Fig.10 Risk of rupture for ceramic blade under rotation and thermal 1oadi ng |

12.5
|| —A— Uni-axial distribution function without |
residua stress
11.5 | 5 Multi-axial distribution function without A
residua stress
< 105 % Multi-axial distribution function with
= T residual stress
*H —o— Uni-axid distribution function with
—~ 9.5 residual strees
3
(1]

65 T T T

0 10 20 30 40
Width of Blade (mm)

Fig.11 Expected values of o’ for ceramic blade under rotation and thermal loading.
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9- Conclusions

From previous discussion, the following
conclusions are obtained:
1- The risk of rupture and expected values of (

032) under rotation and thermal loading is less
then that under rotation loading for ceramic disc.
2- The expected rupture strength of ceramic
blade is higher than of that of disc material;
therefore, the failure occurs in blade first than in
disc material in service survival.

3- The existing residual stresses will reduce both
risk of rupture and expected values of fracture
rotating speed.

4- The extension of crack develops a relatively
weaker residual stress at the crack front, this
leads to decrease the magnitude of residual
stress.
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