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Abstract 
       In this paper, the crack propagation in 
opening mode (Mode I) for three kinds of cast 
iron rotating disc: Flake graphite cast iron disc, 
Compacted Vermicular cast iron disc, and 
Spheroidal graphite cast iron disc are analysed 
by using Boundary Element Method (BEM) and 
Finite Element Method (FEM). Weibull uni-
axial and multi-axial distribution function is 
developed and applied to evaluate the reliability 
of the fracture strength of rotating cast iron disc 
have inner surface crack. As a result the stress 
intensity factor (KI) for Flake graphite disc 
(FGD) is smallest, while (KI) for Spheroidal 
graphite disc (SGD) was the larger, the value of 
(KI) for Compacted Vermicular disc (CVD) has 
intermediate between the two cast iron discs. It is 
found that there is a convergence between 
results obtained from uni-axial and multi-axial 
distribution function, but multi-axial 
distribution function give high values compared 
to uni-axial distribution function. 
Key words: Stress intensity factor, rotational 
loading, finite element method, boundary 
element method.  

1- Introduction 
       Cast iron rotating disc is used in many 
applications such as electrical generator, flywheel 
on diesel engine,  etc., where centrifugal force 
is very important and may caused failure. 

       In general there are three kinds of cast iron 
used in manufacturing rotating disc according to 
form of graphite exists: Spheroidal graphite cast 
iron, in this kind the graphite exist in nodular 
form, Compacted Vermicular cast iron, in this 
kind the graphite exist on rosettes form, and Flake 
graphite cast iron, in this kind the graphite exist 
on flake form [1].  

     The presence of crack in cast iron disc reduces 
the fatigue and static strength because the stresses 
and strains are highly magnified at the crack tip. 
The use of parameter to describe the local stresses 
and strains magnification at crack tip is important 
to evaluation cast iron disc integrity. This 
parameter is called stress intensity factor.            

     There are more studies on cast iron disc most 
of them focused on fatigue. Shikida M. [2], steady 
about fatigue crack propagation in cast iron disc 
using analytical and experimental approaches. 

Yotaro Mutsuo [3] developed a new distribution 
function to expected values of the rupture strength 
of brittle rotating disc. Luciano M. Bezerra [4], 
use boundary element method and finite element 
method for calculation of the stress intensity 
factor in opening mode in two-dimensional plate 
has central crack. 

     In this paper the J

 

Integral programs with 
finite element method and boundary element 
method are developed and used for analysis of 
cast iron disc under rotational loading, and 
thermal loading. Weibull model is used in 
analysis of cast iron disc by using uni-axial and 
multi-axial distribution function to evaluate the 
reliability of disc. The steady is focused on bi-
dimensional elastic and a plain strain condition.   
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Developing of Governing Equations  
      The use of numerical method such as 
boundary element method (BEM) and finite 
element method (FEM) is economical tool for 
consuming time. In the following sections, 
describe the FEM and BEM  technique used.  

A)   Finite Element Method.  

     The finite element method (FEM) is a 
numerical techniques for obtain approximate 
solution to a wide variety of the engineering 
problems. 
     The procedure used can be simulating by using 
displacement method as followers [5, 6]: 
Step 1: 
   The generalized equilibrium equation for linear 
situation can be expressed as follows:  

Bt Fdv

   

  1 

 

Where,  
B: Strain 

 

displacement matrix. 
: Stress vector.  

F:  Force vector. 
Step 2: 
      The whole domain is divided into finite 
element, which is connected together by specific 
nodes. Then the displacement vector U

  

at point 
(x, y) can be expressed as follows: 
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y)(x,Ni : Element shape function. 

n :  Number of nodes. 
Step 3: 
     The relation between the applied force acting 
on the nodes and the nodal displacement can be 
expressed by using which called element stiffness 
matrix as follows:   

DBK t
e B dxdy 
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where, 
D: D- matrix (matrix contain the element 
properties such as modulus of elasticity and 
Poisson s ratio). 
Step 4: 
     The nodal stiffness and nodal loads for each of 
the element sharing the same nodes are add to 
each other to obtain the net stiffness and the net 
load at the specific nodes, so the global matrix 
can be expressed as: 

(e)

ne

1e

KK
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(e)

ne

1e

PP
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(e)K : Element stiffness matrix.  

(e)P : Element force vector.  

ne

 

: Number of element.  

Step 5: 
     The overall system of equation of the domain 
can be written as:  

[ K ]  [ U ]  =  [ P ] 6

  

Where,  
[U]:  Global displacement vector. 

In order to solve the above system of equations,   
the   following    boundary conditions are applied: 
1- At loaded nodes the displacement is unknown 
and the applied force is known. 
2- At supported nodes the load is unknown and 
the displacement is known. 
Step 6:  
A- The body force (rotating loads) for any node 

in element is derived as followers [7]: 

     For a uniform rotating about (Z-axis), the node 
(i) rotating load is given by:   

xiixi QdA]tN[F 
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yiiyi QdA]tN[F 

 
   8 

and,  
2

oxi )x(xQ

 

2
oyi )y(yQ

 

where,  

iN : Shape function  

t

 

: Thickness of disc (m) 

 

: Density (kg / m3) 

: Angular velocity in (rad /s) 

xiF : Nodal rotation load in x-direction 

yiF : Nodal rotation load in y-direction.    

B- When structure is exposed to a steady state 
linear temperature distribution T(x, y) the thermal 
loading vector is:  

  oo FFF

 

     

 

9 

 

    

dxdyDBtF ot

element

o

   

     

dxdyDBtF ot

element

o

  

Step 7: 
     The system of equation can be solving using 
Gauss-elimination solver to determine the 
displacement at each node. Then the strain and 
stress at each element can be calculating by using 
strains-displacement and stress 

 

strain relation as 
follows:  

UB

 

D 
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where, 

: Stress vector. 

} 
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: Strain vector. 

B) Boundary Element Method  

       Boundary element method (BEM) has 
emerged as a powerful numerical method, which 
has certain advantages over the finite element 
method.  The (BEM) is particular suited to cases 
where better accuracy is required due to problems 
such as stress concentration and rotational loading 
or where the domain of interest extends to infinity 
[8].  
     By using Betti s Reciprocal theorem [4], an 
equivalent integral equation can be obtained and 
then converted to a form that involves surface 
integral, i.e. over the boundary. The boundary is 
divided into element and selection a node along 
the boundary.  
        Hasiao G. C. [9] give the general governing 
integral equation for two-dimensional elastic disc 
and by using weighted residual method for the 
point ( i ) as follows:   

diQ

d
n

T
iVTiSdkblku

dkTlkudkulkTi
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where, 

i
lu : Displacement at node i 

lkT and lku : Traction and displacement at any 

point in the (k) direction when a unit load is 
applied at node ( i ) in the  ( l ) direction.  

kT and ku : Traction and displacement at a 

point in the domain for the point load considering 
each direction as independent. 

: Domain of disc. 
: Poisson's ratio 

l,r and k,r : Represent the radius derivatives 

with respect to (x) and (y) direction respectively. 
n : Unit vector normal to the outer boundary of 
the body. 
r: Distance between the load point and the field 
point.  

: Shear modulus.  

kb : Body force. 

      The body force treatment as followers [9, 10]: 
For a body force in the x-direction:  

d)bubu(dbu yxyxxklk 
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and the body force in the y-direction:  

d)bubu(dbu yuxxyklk 
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where, 
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and, 
G: Galerkin function. 

ox and oy : Center rotation of disc.  

i:  Represent node i. 
    Using the discredited form of eq. 10, the 
displacement ui at any point on the boundary can 
be calculated. With the displacement, the strains 
can be calculated, and with the strains, making 
use Hook's law, the stresses at any point 
calculated.   
C) Stress Intensity Factor and J-Integral 
Approach 
      There are three types of stress intensity factor 

modes: opening mode  (mode I) with IK 

parameter, shear mode (mode II) with IIK 

parameter and mixed mode (mode III) with IIIK 

parameter. Among them mode I with IK 
parameter is the most important to know because 

IK characterize the stress field in the 

neighborhood of a crack tip when the crack under 
tension.  
      The J-Integral is an attractive parameter to 
characterize crack tip condition. It is a convenient 
method for computing the energy release rate 
associated with the extension of crack.       

     The J - Integral equation is given by 
Kishimoto and Aoki in the form [5]:  

dxdy
x

T
dxdy

x

u
F

ds
x

u
TwdyJ

ij
i

i
r

     

14 

 

where, 
W: Strain energy per unit volume. 

iu : Displacement vector. 

F: Body force (rotational loading). 

rT : Traction vector. 

dx and dy : Infinitesimal element along the x-

direction and y-direction 

ds : Infinitesimal distance on the path S. 

: Coefficients of thermal expansion of disc 
material. 

T: Temperature distribution. 

    The J-Integral related to the stress intensity 
factor in the opening mode (mode I) by the 
following equation: 

  
E

K
J

2
I        

  

   15 

where,   

EE                 for plain stress. 

21

E
E         for plain strain.  

E: Modulus of elasticity. 
       Fig.1-A shows the geometry of the disc 
specimen. The inside diameter and outside 
diameter of a disc are 20 mm and 200 mm 
respectively. The disc contain double edge 
internal crack. The disc specimen has same 
dimensions for three types of cast iron materials 
used in analysis.  

      Fig. 1B shows an example of finite element 
division by using a total 200 element with nine-
node isoperimetric elements were used, and the 
boundary element divisions by using a total 40 
elements were employed.   

A-Disc specimen.  
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B- Finite element meshes  

 

C- Boundary element mesh. 

 

Fig.1 Disc specimen and example of FEM and 
BEM mesh. 

  

Tables 1 and Table 2 show their chemical 
composition and mechanical properties for discs 
materials  

Table1. Chemicals compositions of material disc 
used. 

Chemical 

Composition 

Wt % 

Materials 

FGD CVD SGD 

C 3.24 3.80 3.57 

Si 2.31 2.55 2.68 

Mn 0.358 0.445 0.314 

P 0.025 0.023 0.022 

S 0.008 0.010 0.012 

Mg ---- 0.016 0.042 

  

Table2. Mechanical properties and percentage of 

carbon contained for three types of disc materials. 

 
Constant

s 

Materials 

Flake 

graphit

e 

Compacte

d 

Vermicula

r   

Spheroida

l graphite 

E (GPa) 90 142 163 

t (MPa)  

 

145 334 293 

  

 

0.2 0.25 0.26 

 

(kg / m3

 

) 

7180 7300 7640 

(GN/m2) 
41 91 185 

m 9.2 9.2 9.2 

m2 2.51 2.405 2.42 

  

4- Weibull  Analysis 
      The key element in the design and fabrication 
of a component pertains it is reliability (usually 
determined by a safety or economic 
consideration), it is important to know the 
statistical probability of a given fracture event. 
According to Weibull, the two parameter 
distribution function S(Bo) when a body subjected 
to a uni-axial tensile stress ( ) is given by [3] : 
    

m

o

u
o )(B

o e)S(B

  

  16  

 

where, 
S (Bo): Probability of survive. 
Bo: Volume or surface area of a body. : 
Applied stress,   

u : Stress below which there is a zero 

probability of failure.  

o : Mean strength of material   

m : Weibell modulus.  

For brittle  material 0u .  

     The risk of rupture (R) is given by the 
following equation:  

  

m

o
o

e1R
)(B

  

     17 

 

     Weibull also has a heuristically obtained the 
following multi-axial distribution function by 
taking the direction of the cracks at every point in 
the body into account for multi-axial stress state  
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( 321 ,, ) as shown in Fig.1 [6]:  
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m
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where, 

n : Normal stress on the crack plane and is 

given by: 

)sincos(cos 2
2

2
1

2
n

2
3sin 
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dA : Area element of the unit sphere. 

dV : Volume element of unite sphere. 

 

and 

 

: Angle between crack and coordinates. 

K: Parameter constant and is given by:  
     

1m
o

2K

  

20 

 

: Beta function. 

2m : Weibull parameter.  

 

                    Fig.2 Unit sphere.

  

5- The Expected Rupture Strength of Cast 
Iron Disc Under Rotation Loading. 
     For a hollow cast iron disc rotating at angular 

velocity ( ), the circumferential stress ( t ) and 

radial stress ( r ) are given by [11]: 
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where,  

iR :  Inner radius of disc.  

oR : Outer radius of disc. 

      Since rt

 

at any radius in the disc, and 

maximum circumference stress occurs at inner 

radius then, the maximum stress ( .max ) is 

given by: 

iRrt )(.max

 

          

)])1()3[(
4

22
2

.max io RR
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     In the following sections, propose risk of 
rupture by using distribution functions described 
in eq.17 and eq.18.   

A- In the case of taking only internal cracks into 
consideration (uni-axial distribution function), for 
a hollow disc, defining the function  (r)f1 is: 
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and,   
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h : Thickness of disc.  

B- In the case of taking only internal cracks into 
consideration (multi-axial distribution function), 

defining (r)f2 in a hollow disc as:   

1

 

3

 

2
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: Beta functions. 

 

and 

 

: Are constants and  0 , 0 .  

4- The Expected Rupture Strength of Cast 
Iron Disc Under Rotation and Thermal 
Loading. 
       For a hollow disc subjected at inner surface to 
temperature Ti and outer surface to temperature 
To, and for steady state heat flow, the temperature 
distribution through disc is given by [7]: 
     

c
dr

dT
r

 

   
    

r

c

dr

dT

  

arbT )ln(     30 

where,    
a and b: Constants 

    The radial and tangential stresses are given by  
the following equations [11]:  
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where, 
E: Modulus of elasticity. 

: Coefficient of thermal expansion. 
A and B are constants determine from condition 

0r

 

at r = Ri and    r = Ro 

     The maximum stress occurs at inner radius and 
given by equations: 

  t.max
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       The distribution function for uni-axial and 
multi-axial distribution is given  as before by [2]: 

  
max

t
1 )r(f     and   

max

r
2 )r(f

 

   Then can be used eq.26 for uni-axial and eq.29 
for multi-axial distribution to determine the risk 
of rupture under rotation and thermal loading at 
different point along radius of disc.   

6-The Expected Value of the Fracture 
Rotating Speed  
     The expected values of ( .max ) for fracture 

of hollow disc can be obtained from the following 
equation [4]:  

.max.max
0

.max d))(R1()(E      

 

33 
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    The expected values of (
2

) which fracture 
occurs in uni-axial and multi-axial distribution 
function is given by:  

)R)1(R)3((

4
)(E

2
i

2
o

2

)(E* .max

    
   34 

 

7

 

Result and Discussion 
    Fig.3 shows the J-Integral values for each crack 
length to width ratios          (difference between 
outer and inner radius) for the three types of cast 
iron disc. These values were calculated for 9 to 45 
mm long crack by means of the FEM and BEM. 
As illustrated in the figure, the J-values increase 
with increase creak length to width ratio due to 
increase of stress concentration at the creak tip. 
     Based upon the numerical results of stress 
intensity factor presented in Fig.4, which shows 

IK vs. crack length to width ratios for three 

kinds of disc specimens. It can be observe that 
there are good agreements between (FEM) and 
(BEM) results.  
        As indicated the value of KI for flake 
graphite disc is smallest, the value of KI for 
Spheriodal graphite disc is the largest and 
Compacted Vermicular graphite has intermediate 
value between them. This attributed to the 
difference in the material constant especially 
modulus of elasticity of three kinds of cast iron 
disc materials used for analysis.  

     Figs.5, 7, and 9 shows the risk of rupture 
(probability of failure) for the three types of disc 
under rotation loading and thermal loading. The 
curves are obtained by drawing the risk of rupture 

obtained from eq.26 and eq.27. The curves show 
there is a good agreement between them. As 
indicated, the risk of rupture increases with 
increasing radius because of increasing crack 
length. 
   Figs. 6, 8, and 10 shows the expected values of 
rupture of rotating speed against radius. It can be 
seen the fracture speed decrease with increasing 
radius. This attributed to that the crack focused 
stresses at inside zone of disc material and make it 
weakest and this lead to reduce the strength of 
disc material, therefore the expected values of 
fracture speed is decreased.                           
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Fig.3 J-values at different crack to width ratio for the three types of cast iron disc.

   

              

Fig.4. KI

 

values at different crack length to width ratio for three types of cast iron disc.
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Fig.5 Risk of failure for Flake graphite cast 
iron disc.

 

Fig.6 Expected values of 

 

2

 

for Flake graphite 
cast iron disc.

 

    

 

      
Fig.7 Risk of rupture for Compacted 
Vermicular graphite cast iron disc.

 

Fig.8 Expected values of 2

 

for Compacted 
graphite cast iron disc.

 

       

 

         

Fig.9 Risk of rupture for Spheroidal graphite 
cast iron disc.

 

Fig.10 Expected values of 2

 

for Spheroidal 
graphite cast iron disc.

      

0

2

4

6

8

10

12

14

16

18

10 20 30 40 50 60 70 80 90 100
Radius (mm)

Multii-axial distribution function 

Uni-axial distribution function 

5

6

7

8

9

10

10 20 30 40 50 60 70 80 90 100
Radius (mm)

Multi-axial distribution function 

Unii-axial distribution function 

0

3

6

9

12

15

10 20 30 40 50 60 70 80 90 100
Radius (mm)

Multi-axial distribution function 

Uni-axil distribution function

1

1.25

1.5

1.75

2

2.25

10 20 30 40 50 60 70 80 90 100
Radius (mm)

Multi-axial distribution function 

Unii-axial distribution function 

0

1

2

3

4

5

6

10 20 30 40 50 60 70 80 90 100
Radius (mm)

Multi-axial distribution function 

Uni-axial distribution function 

0.9

1
1.1

1.2

1.3

1.4
1.5

1.6

1.7
1.8

1.9

10 20 30 40 50 60 70 80 90 100
Radius (mm)

Multi-axial distribution function 

Uni-axial distribution function 

R
is

k 
of

 r
up

tu
re

 (
%

) 
 

 

E 
(

 

2

 

)*
 1

0

 

7

 
R

is
k 

of
 r

up
tu

re
 *

10
-5

 
( 

%
) 

E 
(

 

2 ) 
* 

10

 

7

 

(%
) 

 
R

is
k 

of
  

ru
pt

ur
e 

*1
0

 
-4

 
(%

)

 

E 
(

 

2

 

) 
* 

10

 

7

 

(%
) 

 



 

NUCEJ Vol.12 No.2                                                                                                      Jasim                 171  

8 Conclusions 
        Based on the preceding studies, the 
following conclusions are reaches: 

1- A comparative boundary element and finite 
element techniques has been carried out to 
calculate stress intensity factor in opening mode 
(mode I) within three kinds of cast iron disc 
specimens of  linear elastic fracture mechanics. 

2- An increase in the crack length will cause an 
increase in the stress intensity factor results from 
increasing stresses on crack tip. 

3-Weibull uni-axial and multi-axial distribution 
function is applied in cast iron wheel taking the 
effect of existing crack. 
4- The expected rupture of rotating speed under 
the combined effect of both rotational and thermal 
loading in cast iron disc is analyzed. 
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